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A METRIZABLE X WITH Cp(X) NOT HOMEOMORPHIC TO
Cp(X)× Cp(X)
MIKO LAJ KRUPSKI AND WITOLD MARCISZEWSKI
Abstract. We give an example of an infinite metrizable space X such that the space
Cp(X), of continuous real-valued function on X endowed with the pointwise topology, is
not homeomorphic to its own square Cp(X) × Cp(X). The space X is a zero-dimensional
subspace of the real line. Our result answers a long-standing open question in the theory of
function spaces posed by A.V. Arhangel’skii.
1. Introduction
Let Cp(X) denote the space of all continuous real-valued functions on a Tychonoff space
X , equipped with the topology of pointwise convergence. One of the important questions,
stimulating the theory of Cp–spaces for almost 30 years and leading to interesting examples
in this theory, is the problem whether the space Cp(X) is (linearly) homeomorphic to its
own square Cp(X)×Cp(X), provided X is an infinite compact or metrizable space, cf. A.V.
Arhangel’skii’s articles [1, Problem 22], [2, Problem 4], [3, Problem 25]. In this note we give
a metrizable counterexample to this problem for homeomorphisms.
The first nonmetrizable (compact) counterexamples, i.e. spaces X with Cp(X) not home-
omorphic to Cp(X)×Cp(X), were constructed independently by Gul’ko [8] and Marciszewski
[13]. However, the metrizable case seemed to be more delicate. In [21] R. Pol showed that if
M is a Cook continuum, then Cp(M) is not linearly homeomorphic to Cp(M)× Cp(M) (in
Section 5 we will show that in fact there is no linear continuous surjection from Cp(M) onto
Cp(M) × Cp(M)). He also gave two other examples of metrizable spaces having the same
property: a rigid Bernstein set B and the A.H. Stone’s set E. This result, settled one part
of [2, Problem 4] and [3, Problem 25] yet the question whether, for a metrizable (compact)
space X , the space Cp(X) is always homeomorphic to Cp(X) × Cp(X) remained open (see
[15, Problem 4.12], [20, Problem 1029]). It was proved in [18] that ifM is a Cook continuum
then Cp(M) is not uniformly homeomorphic to Cp(M) × Cp(M). It is not clear whether
Date: June 20, 2018.
2010 Mathematics Subject Classification. 46E10, 54C35.
Key words and phrases. Function space; pointwise convergence topology; Cp(X) space; Bernstein set.
The first author was partially supported by the Polish National Science Center research grant UMO-
2012/07/N/ST1/03525. The second author was partially supported by the Polish National Science Center
research grant DEC-2012/07/B/ST1/03363.
1
2 MIKO LAJ KRUPSKI AND WITOLD MARCISZEWSKI
the notion of uniform homeomorphism in this result can be replaced by a weaker notion of
homeomorphism (see [18, page 656]).
We show that the rigid Bernstein set B, considered by R. Pol in the context of linear
homeomorphisms, can serve as a counterexample solving the problem of Arhangel’skii for
homeomorphisms. We shall prove the following:
Theorem 1.1. There exists an infinite zero-dimensional subspace B of the real line (a rigid
Bernstein set), such that the function space Cp(B) is not homeomorphic to Cp(B)×Cp(B).
Our proof is based on Theorem 2.1 below, which is an easy consequence of the main result
of [14] proved by the second author. Another important ingredient is Lemma 2.2 proved in
the next section, which may also be of independent interest.
The paper is organized as follows. Section 2 introduces basic notation and contains some
auxiliary results. In Section 3 we describe the construction of the rigid Bernstein set B and
we prove some of its basic properties. Section 4 is devoted to the proof of Theorem 1.1.
Finally, Section 5 contains some additional comments and open questions.
2. Preliminaries
Let us denote by N the set of all positive integers, by R the set of reals, and by 2ω the
Cantor set. For Tychonoff spaces X and Y , by Cp(X, Y ) we denote the space of all continuous
maps from X into Y , endowed with the pointwise convergence topology. For Y = R we will
write Cp(X) rather than Cp(X,R).
For a finite subset A of a space X and for m ∈ N the set
OX(A;
1
m
) = {f ∈ Cp(X) : ∀x ∈ A |f(x)| <
1
m
}
is a basic neighborhood of the zero function on X (i.e the constant function equal to zero)
in Cp(X) and OX(A;
1
m
) is its closure, i.e.
OX(A;
1
m
) = {f ∈ Cp(X) : ∀x ∈ A |f(x)| ≤
1
m
}.
For a singleton A = {x}, we will write OX(x;
1
m
) rather than OX({x};
1
m
).
The following fact is a consequence of results proved by the second author, cf. [14, proof
of Theorem 3.1].
Theorem 2.1. Suppose that X and Y are metrizable spaces. Let n ∈ N 1 and suppose that
Ψ : Cp(X)→ Cp(Y ) is a homeomorphism taking the zero function to the zero function. Then
the space Y can be written as countable union Y =
⋃
r∈NGr of Gδ-subsets such that:
(A) For every r ∈ N there are continuous mappings f r1 , . . . , f
r
pr
: Gr → X and m ∈ N
such that Ψ(OX(A;
1
m
)) ⊆ OY (y;
1
n
), where A = {f r1 (y), . . . , f
r
pr
(y)}.
1In [14] the proof was given for n = 1 only, but without any changes it works also for arbitrary n ∈ N.
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We will need the following lemma.
Lemma 2.2. Let X and Y be infinite Tychonoff spaces and let Ψ : Cp(X) → Cp(Y ) be a
homeomorphism. For any finite set A ⊆ X, there exists a finite set B ⊆ Y , such that, for any
y ∈ Y \B and r ∈ R, there is a function f ∈ Cp(X) such that f ↾ A = 0, and Ψ(f)(y) = r.
Proof. For a subset A ⊆ X , let Cp,A(X) denote the subspace {f ∈ Cp(X) : f ↾ A = 0}. It
is well-known that, for any finite A ⊆ X , the space Cp(X) is homeomorphic to the product
RA × Cp,A(X). Indeed, we have R
A = Cp(A), and if T : Cp(A) → Cp(X) is a continuous
extension operator (see [17, 6.6.5]), then the map Φ : Cp(A) × Cp,A(X) → Cp(X) defined
by Φ(f, g) = T (f) + g, for f ∈ Cp(A) and g ∈ Cp,A(X), is the required homeomorphism.
Observe that Φ has the property, that
(1) Φ(f, g) ↾ A = f.
Fix a finite A ⊆ X and suppose that the assertion of the lemma does not hold true. Then
there exist a sequence (yn)n∈N of distinct elements of Y and a sequence (rn)n∈N of reals, such
that
(2) Ψ(f)(yn) 6= rn for any f ∈ Cp,A(X).
Let ‖ · ‖ be the Euclidean norm in RA, S be the unit sphere in (RA, ‖ · ‖), and G = RA \
{(0, 0, . . . , 0)}. Let ι : S → G be the identity embedding. Clearly, the map ι is not homotopic
in G to a constant map. Put
(3) U = {e : S → RA : e is continuous and ‖e(x)− ι(x)‖ < 1 for all x ∈ S}.
Since any map e ∈ U is homotopic in G to ι, it is also not homotopic in G to a constant
map.
Let ι¯ : S → RA × Cp,A(X) be the map defined by ι¯(x) = (ι(x), 0), for x ∈ S, where 0
denotes the zero function in Cp,A(X). We put ι˜ = Φ ◦ ι¯ : S → Cp(X).
For a topological space Z, by C(S, Z) we denote the space of all continuous maps from
S into Z, equipped with the compact-open topology.
Let pi1 : R
A × Cp,A(X) → R
A be the projection onto the first axis. We put V = {f ∈
C(S,RA × Cp,A(X)) : pi1 ◦ f ∈ U}. Clearly, V is an open subset of C(S,R
A × Cp,A(X)),
therefore the set W = {Φ ◦ f : f ∈ V } is an open neighborhood of ι˜ in C(S, Cp(X)).
Let D(A) = Cp(X)\Cp,A(X). From property (1) it follows that Φ(G×Cp,A(X)) = D(A).
Therefore, one can easily verify that any map g ∈ W is homotopic in D(A) to ι˜, hence it is
not homotopic in D(A) to a constant map.
The set O = {Ψ◦g : g ∈ W} is open in C(S, Cp(Y )). Since basic open sets in Cp(Y ) depend
on finitely many coordinates, we can find a finite set C ⊆ Y such that any h ∈ C(S, Cp(Y ))
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satisfying
(4) h(x) ↾ C = Ψ ◦ ι˜(x) ↾ C for all x ∈ S
belongs to O. Find yn /∈ C and put D = C ∪ {yn}. Let Θ : R
D × Cp,D(Y ) → Cp(Y ) be a
homeomorphism such that
(5) Θ(f, g) ↾ D = f for f ∈ RD, g ∈ Cp,D(Y ),
cf. (1). Let h : S → RD be the map defined by
(6) h(x) ↾ C = Ψ ◦ ι˜(x) ↾ C and h(x)(yn) = rn for all x ∈ S,
h¯ : S → RD × Cp,D(Y ) be defined by h¯(x) = (h(x), 0), for x ∈ S, where 0 denotes the zero
function in Cp,D(Y ). Finally, we put h˜ = Θ ◦ h¯ : S → Cp(Y ).
By (4), (5), and (6) we have h˜ ∈ O. Let r ∈ Cp(Y ) be the constant function taking value
rn. Consider the homotopy H : S × [0, 1]→ Cp(Y ) defined by
(7) H(x, t) = (1− t)h˜(x) + tr for x ∈ S,
and joining h˜ with the constant map. Let ht : S → Cp(Y ) be defined by ht(x) = H(x, t).
Observe that, by (5) and (6), for any t ∈ [0, 1] and x ∈ S, ht(x)(yn) = rn, hence from (2) it
follows that ht(S) ⊆ Cp(Y ) \ Ψ(Cp,A(X)). Therefore the homotopy Ψ
−1 ◦ H : S × [0, 1] →
Cp(X) takes values in D(A) and joins the map Ψ
−1 ◦ h˜ ∈ W with the constant map Ψ−1 ◦h1,
a contradiction. 
3. The rigid Bernstein set B
Let us briefly recall the construction of the rigid Bernstein set B going back to K. Ku-
ratowski [10], and used by R. Pol in [21]: let {(Cα, fα) : α < 2
ω} be the collection of all
pairs (C, f), where C is a copy of the Cantor set in R and f : C → R is a continuous
map with uncountable range f(C) disjoint from C. We choose inductively distinct points
x0, y0, . . . , xα, yα, . . . with xα ∈ Cα and yα = f(xα), and we put B = {xα : α < 2
ω}. A more
detailed description of this construction can be found in [17, Example 6.13.1].
Recall that a space X is a Baire space if the Baire Category Theorem holds for X , i.e.
every sequence (Un) of dense open subsets of X has a dense intersection in X .
Lemma 3.1. Each Gδ-subspace of B is a Baire space.
Proof. Observe that B is a Bernstein set, i.e. both B and R \ B intersect each copy of the
Cantor set in R (see [17, Example 6.13.1, Claim 1]). Since any dense Gδ-subspace of a Baire
space is also a Baire space, it is enough to show the thesis of the lemma for closed subsets
of B. Let G be a closed subset of B. By Hurewicz theorem, in order to prove that G is a
Baire space, it is enough to check that G does not contain a closed copy of the rationals
(see, [17, Theorem 1.9.12]). Striving for a contradiction, suppose that Q is a closed subset
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of G homeomorphic to the rationals. Then the closure Q of Q in R is a perfect subset of R,
hence its uncountable. Then the set Q \Q ⊆ R \B is an uncountable Gδ-set in R, therefore
it contains a copy of the Cantor set disjoint from B, a contradiction. 
For our purposes we will need a stronger version of rigidity of B than used in [21].
Lemma 3.2. If G is a nonempty Gδ-subset of B, then each continuous function f : G→ B
is either the identity or is constant on a nonempty relatively open subset of G.
Proof. Our argument is a slight modification of the proof of Claim 3 in [17, Example 6.13.1].
Suppose that f is not the identity. Then we can find a nonempty relatively open subset U
of G such that the closures (taken in R) U and f(U) are disjoint. We will show that f(U) is
countable. Assume towards a contradiction that this is not the case. By Lavrentiev theorem
f ↾ U can be extended to a continuous function f˜ : S → f(U), where S is a Gδ-subset of
U . Since U is a Gδ-subset of B, we can assume (shrinking S, if necessary) that S ∩ B = U .
The image f˜(S) is uncountable since it contains f(U). Therefore, by [17, Theorem 1.5.12]
there exists a copy C of the Cantor set in S such that f˜ is one-to-one on C. Then there
exists α < 2ω such that (C, f˜ ↾ C) = (Cα, fα). Hence xα ∈ C ∩ B ⊆ S ∩ B = U , so
yα = fα(xα) = f˜ ↾ C(xα) = f(xα) ∈ B, which is a contradiction with the construction of B.
Now, for every t in the countable set f(U), let At = {x ∈ U : f(x) = t}. Then {At : t ∈
f(U)} is a countable cover of U by relatively closed sets. By Lemma 3.1 U is a Baire space,
therefore one of the sets At has a nonempty interior in U , hence also in G. 
Corollary 3.3. If G is an uncountable Gδ-subset of B, then for each continuous function
f : G→ B there exists an uncountable Gδ-subset G
′ of G such that the restriction f ↾ G′ is
either the identity or is constant.
Proof. Let U be a countable base in B, and let V =
⋃
{U ∈ U : U ∩ G is countable}.
Then H = G \ V is a nonempty Gδ-subset of B, and each nonempty open subset of H is
uncountable. It remains to apply Lemma 3.2 for H and f ↾ H . 
4. Proof of Theorem 1.1
Strengthening a result from [21], we shall prove that the spaces Cp(B) and Cp(B)×Cp(B)
are not homeomorphic. Of course Cp(B) × Cp(B) is linearly homeomorphic to Cp(B ⊕ B),
where B ⊕ B is a discrete sum of two copies of B and thus can be viewed as B × {1, 2}.
It will be convenient to use the following notation:
Ai = A× {i} ⊆ B ⊕ B, i = 1, 2,
for a subset A ⊆ B. Similarly, xi = (x, i) ∈ B ⊕ B, for any x ∈ B. Thus Ai is a copy of A
lying in the corresponding copy of B in the space B ⊕ B.
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Striving for a contradiction, suppose that there is a homeomorphism
Φ : Cp(B)→ Cp(B ⊕ B).
It is clear that without loss of generality we can assume that Φ takes the zero function to
the zero function.
From Theorem 2.1 (applied with n = 1, X = B ⊕ B, Y = B and Ψ = Φ−1) it follows
that B is a countable union of Gδ subsets Gr satisfying property (A). Fix r such that Gr
is uncountable and consider finitely many continuous functions f ′1, . . . , f
′
p′ : Gr → B ⊕ B
provided by Theorem 2.1.
For any j ≤ p′ and i ∈ {1, 2} the set (f ′j)
−1(Bi) is open in Gr. Thus, for any uncountable
Gδ subset G ⊆ Gr and any j ≤ p
′, there is an uncountable Gδ subset G
′ ⊆ G with f ′j(G
′) ⊆ B1
or f ′j(G
′) ⊆ B2. Applying this observation successively, for j = 1, . . . , p
′, we can find an
uncountable Gδ set H ⊆ Gr such that f
′
j(H) ⊆ B1 or f
′
j(H) ⊆ B2, for j ≤ p
′.
By Corollary 3.3, there is an uncountable Gδ set H
1 ⊆ H , such that the function f ′1 ↾ H
1
is either the identity (up to identification of H1i with H
1) or is constant. Applying Corollary
3.3 recursively, we can construct a decreasing sequence Gr ⊇ H ⊇ H
1 ⊇ . . . ⊇ Hp
′
of
uncountable Gδ subsets of B such that, for j ≤ p
′, f ′j ↾ H
j is either the identity or is
constant. Indeed, if Hj is constructed, where j < p′, we consider the function f ′j+1 ↾ H
j and
apply Corollary 3.3 to find a desired uncountable Gδ set H
j+1 ⊆ Hj.
If C ′ = Hp
′
then each f ′j ↾ C
′ is either the identity (up to identification of C ′i with C
′) or
is constant. Hence, there is a finite set J ′ ⊆ B ⊕ B such that
{f ′1(x), . . . , f
′
p′(x)} ⊆ {x1, x2} ∪ J
′, for any x ∈ C ′.
Property (A) from Theorem 2.1 implies that there is k ∈ N such that
Φ−1(OB⊕B({x1, x2} ∪ J
′; 1
k
)) ⊆ OB(x; 1), for any x ∈ C
′.(8)
Now, applying Theorem 2.1 once more (with n = 2k, X = B, Y = B ⊕ B and Ψ = Φ)
together with Corollary 3.3 (applied recursively as before), we can find an uncountable Gδ set
C ⊆ C ′ and finitely many continuous functions (being the restriction of functions provided
by property (A) from Theorem 2.1) f 11 , . . . , f
1
p : C1 → B and f
2
1 , . . . , f
2
q : C2 → B such that
each f 1i , f
2
i is either the identity (up to identification of Ci with C) or is constant. Hence,
there is a finite set J ⊆ B such that
{f 11 (x1), . . . , f
1
p (x1)} ∪ {f
2
1 (x2), . . . , f
2
q (x2)} ⊆ {x} ∪ J , for any x ∈ C.
Property (A) from Theorem 2.1 implies that there is m ∈ N such that
Φ(OB({x} ∪ J ;
1
m
)) ⊆ OB⊕B({x1, x2};
1
2k
), for any x ∈ C.(9)
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By the continuity of Φ−1, there is a finite set I ⊆ B ⊕ B and ε > 0 such that
Φ−1(OB⊕B(I; ε)) ⊆ OB(J ;
1
m
).(10)
By Lemma 2.2 (where X = B ⊕ B, Y = B, Ψ = Φ−1, A = I ∪ J ′) there are v1, v2 ∈
Cp(B ⊕B) and c ∈ C such that
(i) c1, c2 /∈ I ∪ J
′,
(ii) v1 ↾ (I ∪ J
′) = 0, v2 ↾ (I ∪ J
′) = 0,
(iii) Φ−1(v1)(c) > 2, Φ
−1(v2)(c) < −2.
Claim 1. |vi(c1)| ≥
1
k
or |vi(c2)| ≥
1
k
, for i = 1, 2.
Proof. If not, then by (ii) and (8) we would have |Φ−1(vi)(c)| ≤ 1, contradicting (iii). 
So let i, j ∈ {1, 2} be such that
|v1(ci)| ≥
1
k
and |v2(cj)| ≥
1
k
.(11)
We shall consider two cases:
Case 1. v1(c1) · v2(c2) = v1(c2) · v2(c1). Let
j′ = j + 1 mod 2.
By the continuity of Φ−1, there is δ > 0 and h ∈ Cp(B ⊕ B) such that
(12)


h(cj′) = v2(cj′) + δ,
h ↾ (I ∪ J ′ ∪ {cj}) = v2 ↾ (I ∪ J
′ ∪ {cj}),
Φ−1(h)(c) < −1.
We put u1 = v1 and u2 = h. Using (11) one can easily verify that v1(cj) 6= 0, hence
u1(c1) · u2(c2) 6= u1(c2) · u2(c1).
Case 2. v1(c1) · v2(c2) 6= v1(c2) · v2(c1). Then we put u1 = v1, u2 = v2.
We define the mapping ϕ : R× R→ R by the formula
ϕ(t1, t2) = Φ
−1
(
t1u1 + t2u2
)
(c),
i.e. ϕ is the composition of the mapping (t1, t2) 7→ t1u1 + t2u2 with Φ
−1 and the evaluation
functional at c. Consider
Z = {(t1, t2) ∈ R× R : |t1u1(c1) + t2u2(c1)| ≥
1
k
or |t1u1(c2) + t2u2(c2)| ≥
1
k
}.
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Let
m1 = {(t1, t2) ∈ R× R : t1u1(c1) + t2u2(c1) =
1
k
},
m2 = {(t1, t2) ∈ R× R : t1u1(c2) + t2u2(c2) =
1
k
}.
Note, that from the definition of u1 and u2 it follows that the above sets are nonempty, i.e.
it can not happen that u1(c1) = u2(c1) = 0 or u1(c2) = u2(c2) = 0. Hence m1 and m2 are
non-parallel lines. Indeed, by the definition of u1 and u2, cf. Case 1 and Case 2, we have
u1(c1) · u2(c2) 6= u1(c2) · u2(c1), which means exactly that m1 and m2 are not parallel.
Since m1 and m2 are not parallel, the set Z is connected (being the plane with a paral-
lelogram removed).
Claim 2. ϕ(Z) ⊆ R \ (− 1
m
, 1
m
).
Proof. Otherwise, by (ii), (10) and (12)
Φ−1
(
t1u1 + t2u2
)
∈ OM({c} ∪ J ;
1
m
),
for some (t1, t2) ∈ Z. Hence (9) implies that
|t1u1(c1) + t2u2(c1)| ≤
1
2k
< 1
k
,
|t1u1(c2) + t2u2(c2)| ≤
1
2k
< 1
k
.
However this contradicts the definition of Z. 
By (11) and (12), we have (1, 0), (0, 1) ∈ Z. Further, by (iii) and (12), we infer that
ϕ(1, 0) = Φ−1(u1)(c) > 2, ϕ(0, 1) = Φ
−1(u2)(c) < −1.
This means that ϕ(Z) ∩ (−∞,− 1
m
) 6= ∅, ϕ(Z) ∩ ( 1
m
,∞) 6= ∅ and, by Claim 2, ϕ(Z) ∩
(− 1
m
, 1
m
) = ∅. Therefore the set ϕ(Z) is not connected, a contradiction with connectedness
of Z. This ends the proof of Theorem 1.1.
5. Remarks and problems
The following question of Arhangiel’skii remains open.
Question 5.1. Let X be an infinite compact metrizable space. Is it true that Cp(X) is
homeomorphic to Cp(X)× Cp(X)?
A natural candidate for a counterexample is the Cook continuum M used in [21] and [18]
in the context of linear and uniform homeomorphisms.
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5.1. Continuous surjections. The following old question of Arhangiel’skii is also related
to the problem considered in this paper, cf. [2, Problem 5]
Question 5.2. (Arhangel’skii) Is it true that Cp(X) can always be continuously mapped onto
its own square Cp(X)× Cp(X)?
Though the above question is open, the affirmative answer is known for some particular
classes of spaces such as zero-dimensional compacta, cf. [12], [19] or metrizable compact
spaces, cf. [12]. For the reader’s convenience below we give short proofs of these facts.
Proposition 5.3. If X is a compact zero-dimensional space, then Cp(X) × Cp(X) is a
continuous image of Cp(X).
Proof. For the purpose of this proof we will identify the square Cp(X) × Cp(X) with the
space Cp(X,R
2). For any n ∈ N, let Bn = [−n, n]
2 ⊆ R2. By [19, Lemma 1] there exists a
continuous map φn : 2
ω → Bn such that
(∀f ∈ Cp(X,Bn)) (∃g ∈ Cp(X, 2
ω)) f = φn ◦ g(13)
(let us note that the key ingredient of the proof of this lemma is the Mardesˇic factorization
theorem [16]). We define φ : N× 2ω → R2 by
φ(n, x) = φn(x) for n ∈ N, x ∈ 2
ω.(14)
Let e be a homeomorphism of N× 2ω onto a closed subset A of R, and let ψ : R→ R2 be a
continuous extension of the composition φ ◦ e−1 : A→ R2.
Now, we can define the map ϕ : Cp(X)→ Cp(X,R
2) as follows
ϕ(f) = ψ ◦ f for f ∈ Cp(X).(15)
Clearly, ϕ is continuous, so it remains to check that it is surjective. Take any h ∈ Cp(X,R
2).
By compactness of X , the image h(X) is contained in some Bn. From (13) and (14), and
it follows that there exists a continuous g : X → {n} × 2ω such that h = φ ◦ g. By the
properties of the maps e and ψ, we have h = ψ ◦ e ◦ g, therefore h = ϕ(e ◦ g). 
Proposition 5.4. If X is a compact metrizable space, then Cp(X)×Cp(X) is a continuous
image of Cp(X).
Proof. Clearly, it is enough to consider the case of infinite space X . Let (xn)
∞
n=1 be sequence
of distinct points of X converging to a point x0, and let S = {xn : n = 0, 1, . . . }. The space
Cp(S) is a Borel subset of R
S which is not σ-compact, cf. [17, Theorems 6.3.6 and 6.3.10].
Hence, from Hurewicz theorem (see, [9, Theorem 21.18]) it follows that Cp(S) contains a
closed copy P of the space of irrationals. Since the Banach space C(X) is separable, there
is a continuous map h of P onto C(X) × C(X) and its continuous extension H : Cp(S) →
C(X)×C(X). Obviously, H is also continuous with respect to the weaker pointwise topology
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in C(X) × C(X). To finish the proof, it remains to observe that the restriction operator
f 7→ f ↾ S, for f ∈ Cp(X), is a continuous surjection of Cp(X) onto Cp(S). 
On the other hand, as we shall prove, Cp(X) × Cp(X) is not always a linear continu-
ous image of Cp(X), even for a (compact) metrizable X . A Cook continuum M or a rigid
Bernstein set B can serve as an example. Let us recall that a Cook continuum is a nontriv-
ial metrizable continuum M such that, for every subcontinuum C ⊆ M , every continuous
mapping f : C →M is either the identity or is constant.
The following proposition strengthens slightly results of R. Pol [21, Theorem 3.1] and [21,
Theorem 4.1].
Proposition 5.5. If X = M or X = B, then there is no linear continuous surjection from
Cp(X) onto Cp(X)× Cp(X).
Proof. We will give a proof for X =M only. The case X = B is almost the same (the role of
nontrivial subcontinua in the argument below is played by uncountable Gδ-subsets). Striving
for a contradiction, suppose that ϕ : Cp(M)→ Cp(M ⊕M) is a linear continuous surjection.
Similarly as in Section 4, we view M ⊕M as M × {1, 2} and by xi, Ai we denote the copies
of x ∈ M , A ⊆ M in M × {i}. It is well-known (see [17, Ch. 6.8]) that to each y ∈ M ⊕M
we can assign a nonempty finite set suppϕ(y) such that
the assignment y 7→ suppϕ(y) is lower-semicontinuous,(16)
ϕ(f)(y) =
∑
z∈supp
ϕ
(y)
λ(y, z)f(z), for some λ(y, z) ∈ R.(17)
Applying [17, Lemma 6.13.2], we can find a nonempty open subset U1 ⊆ M1 and, for some
n ∈ N, continuous mappings si : U1 →M , i ≤ n, such that
suppϕ(y) = {s1(y), . . . , sn(y)}
for every y ∈ U1. By Janiszewski theorem (see [11, §47.III.1]) , there is a nontrivial continuum
C1 ⊆ U1. By the rigidity of M the restriction of each mapping si to C1 is either the identity
(up to identification of C1 with C) or is constant. Hence, there is a finite set J ⊆ M such
that
suppϕ(y1) = {y} ∪ J, for y1 ∈ C1.(18)
Using the same argument as above for C2 (the copy of C1 in M2) instead of M1, we get
a nontrivial continuum K2 ⊆ C2 and a finite set I ⊆M such that
suppϕ(y2) = {y} ∪ I, for y2 ∈ K2.(19)
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Put k = |I ∪ J | and let A = {a1, . . . , ak+1} ⊆ K \ (I ∪ J) be a set of cardinality k+1. By
(18), (19) we have
⋃
{suppϕ(y) : y ∈ A1 ∪A2} ⊆ A ∪ I ∪ J.(20)
Note that |A1∪A2| = 2k+2 and |A∪I∪J | = 2k+1. We have A∪I∪J = {x
1, . . . , x2k+1},
for some xi ∈M , i ≤ 2k + 1.
Now, we define a mapping T : R2k+1 → R2k+2 in the following way (cf. [21, page 51], [17,
page 451]). Given (r1, . . . , r2k+1) ∈ R2k+1 choose a function f ∈ Cp(M) such that f(x
i) = ri.
Let
T (r1 . . . , r2k+1) = (ϕ(f)(a11), . . . , ϕ(f)(a
k+1
1 ), ϕ(f)(a
1
2), . . . , ϕ(f)(a
k+1
2 )).
Formula (17) and (20) imply that T does not depend on the choice of a function f (cf. [17,
Lemma 6.8.1]) and hence T is well defined. Obviously, it is also linear. Since ϕ is a surjection,
one can easily verify that T is onto. However, this is a contradiction since a linear mapping
cannot raise dimension. 
5.2. Countable spaces. It is well-known that, for any countable metrizable nondiscrete
spaces X and Y , the function spaces Cp(X) and Cp(Y ) are homeomorphic, see [7], [17].
Therefore, ifX is an infinite countable metrizable space, then Cp(X) is clearly homeomorphic
to Cp(X)×Cp(X) (since Cp(X)×Cp(X) can be identified with Cp(X ⊕X)). However, it is
not clear what happens if we drop the metrizability assumption:
Question 5.6. Let X be an infinite countable space. Is it true that Cp(X) is homeomorphic
to Cp(X)× Cp(X)?
The linear topological classification of Cp(X)–spaces for countable metrizable spaces X is
not fully understood; see Baars and de Groot [6]. In particular, the following question seems
to be open:
Question 5.7. Suppose that X is an infinite countable metrizable space. Is it true that
Cp(X) is linearly (uniformly) homeomorphic to Cp(X)× Cp(X)?
Let us note that from results of Baars and de Groot ([6], [5, Theorem 3.22]) it follows
that the above question has the affirmative answer if X is either non-scattered or is scattered
of height ≤ ω.
It is known that for an infinite Polish zero-dimensional space X which is either compact
or not σ-compact, the space Cp(X) is linearly homeomorphic to Cp(X)×Cp(X) (see [4] and
[6]); therefore it is clear that a metrizable space X such that Cp(X) is not homeomorphic
to Cp(X)×Cp(X) cannot be simultaneously compact and zero-dimensional. It is natural to
ask what happens if a Polish zero-dimensional space X is σ-compact:
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Question 5.8. Suppose that X is a Polish zero-dimensional σ-compact space. Is it true that
Cp(X) is (linearly) homeomorphic to Cp(X)× Cp(X)?
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